This paper presents 3D numerical solutions of the current density, absorbed energy and initial impedance of the human eye exposed to conductive keratoplasty (CK) scenarios obtained with the boundary element method. CK is a non-ablative surgical technique for the treatment of mild to moderate hyperopia (far-sightedness). In a CK session a thin electrode penetrates the cornea delivering pulsed radiofrequency energy at 350 kHz to the surrounding tissue. The electromagnetic (EM) energy is dissipated into heat in the tissue surrounding the tip yielding thermally localised shrinkage and tightening of the collagen llamelae. When applied in a controlled way, this relatively new technique allows eye surgeons to correct the shape of the cornea and to treat common types of eye disease such as far-sightedness or astigmatism. This work examines in detail the induced currents that appear in the rest of the eye while delivering the EM signal. Quantitative estimations of the EM energy absorbed in each tissue per unitary voltage apart from the cornea is presented, as well as the impedance of the electrodes at initial time.
Introduction
There is a great deal of interest in understanding the electrical properties of the human eye in the low frequency (LF) range, and how it behaves as a complex imperfect conductive body. Studies consider the eye as either a passive element exposed to an external field, or as an active one which produces a complicated pattern of electrical signals in response to light. The former is usually tackled in order to understand the vulnerability of the different tissues when exposed to potentially harmful levels of electric fields at different frequencies, orders of magnitude and exposure times, while the latter is usually studied to further our current understanding on how vision works, i.e. to develop machines capable of simulating the electric response of the photosensitive tissues.
On the other hand, the development of safe and effective thermal techniques to alter the topography of the cornea for correcting vision defects has been challenging ophthalmologists for more than hundred years.
Localised high temperatures can induce shrinkage in the corneal collagen. In addition, an oscillating electric field can be absorbed by biological tissues and used to produce heat in a controlled way. This is the principle of the recently successful technique based called Conductive Keratoplasty (CK) [1] [2] [3] [4] . Hence, the accurate prediction of the LF electric fields and current densities in the different tissues is fundamental. This requires solving the macroscopic Maxwell equations in an assembly of biological tissues with non-homogeneous conductivity and permittivity. For this purpose, numerical modelling is one of the most useful approaches.
In time harmonic EM fields, Maxwell equations can be decoupled when the characteristic size of the model (2-3 cm for the human eye) is much smaller than the characteristic vacuum wavelength (λ 0 ∼ 860 m at frequency ν = 350 kHz) and the displacement currents can be neglected in comparison to the resistive ones. Therefore, the high voltage LF approach is applicable and the numerical problem summarises into solving the non-homogeneous Laplace equation.
On the other hand, the Boundary Element Method (BEM) [5, 6 ] is a well established numerical technique for accurate solutions even in complex geometries. The beauty of BEM is that it takes into account the fundamental solution of the leading partial differential operator, and that the discretisation can be done only in the boundary of the problem. The BEM has been successfully applied for solving problems of biological tissues, other than the human eye, exposed to low and high frequency electromagnetic (EM) fields [7] [8] [9] [10] . The objective of this paper is to present the BEM solution of LF EM fields in a 3D model of the human eye.
Low frequency EM modelling with boundary elements
When considering biological tissue exposure to high voltage and low currents the most influential field is the electric one. Assuming both conductivity σ and permittivity ε to be constant within a finite region of interest (sub-domain) it is derived from Maxwell's equations that the electric scalar potential ϕ obeys the non-homogeneous Laplace equation: ∇ · [(σ + iωε) ∇ϕ] = 0, where e iωt -time dependency convention has been used, being ω = 2πν the angular frequency of the incident field, ε the permittivity, and i 2 := −1. The corresponding integral formulation for the potential ϕ(x s ) at point x s ∈ Ω satisfies the following boundary integral equation [5, 6] :
where Ω is the integration domain with boundary Γ = ∂(Ω) of outward unit normaln, ϕ * is the Green's function of Laplace equation:
and E * n its normal derivative inn direction. Also, proper boundary conditions are applied to Γ = ∂(Ω), i.e. Dirichlet, Neumann or Robin type. In 3D space ϕ * and E * n become: ϕ * = 1/(4πr) and E * n = r ·n/(4πr 3 ), respectively; where r = x − x s , r = |r| is the distance between the field (x ∈ Γ) and source (x s ∈ Ω) points, and c s is a constant dependent on the Cauchy principal value integration of the singularity at the source point. After discretisation with flat linear triangular elements, eq. (1) becomes:
where ϕ e,a and E n,e denote potential and normal electric field, respectively at ath continuous node in e-th element, and q (e) and h (e,a) are the usual BEM single and double layer integrals [6] . The assembly of (1) leads to a linear system of equations A x = b, which solution provides the missing ϕ and E n values at the boundary. At LF, biological tissues behave as good conductors with conductivity values of the order of 0.5S/m, and electric permittivity 10 −10 F/m, i.e. ε r ∼ 100; and the air represents a nearly perfect dielectric. Since air has negligible conductivity in comparison with tissues, and the permittivity of most biological tissues is few orders of magnitude greater than ε 0 [11] . Therefore, appropriate matching conditions between air (0) and tissue (1,2) and different tissues, can be written as:
respectively; where j ·n is preserved, j = σ∇ϕ and is current density.
Conceptual model
Conductive Keratoplasty (CK) [1] [2] [3] [4] is a non-ablative surgical technique for the treatment of mild to moderate hyperopia. In a CK session a thin electrode (∼ 90µm wide, 450µm long) penetrates the cornea and delivers pulsed radio-frequency energy at 350kHz to the stroma, which forms majority of the thickness of the cornea structure [12, 13] . The EM energy is dissipated into heat in the tissue surrounding the tip yielding thermally localised shrinkage and tightening of the collagen llamelae in a controlled way. When heat is applied as a ring of spots around the mid peripheral cornea, a constricting band is formed which induces steepening in its central part, and consequent decrease of cornea's radius of curvature. In this way, the cornea is reshaped and its focusing properties can be permanently corrected. The BEM approach has been used in order to solve the EM part of the problem (equi-potential surfaces of voltage and induced current densities in the different tissues) of the CK treatment in a three dimensional model of the human eye, allowing a better understanding of the distribution of heat loss in the eye. {0, 0, 0}, in the {x, y, z} system of coordinates, is indicated in Fig. 1 for further reference. The 45µm(width) × 950µm(long) electrode, indicated as CK+ in the picture, is located at a radial distance of 3.5 mm from the centre of the cornea (i.e. y = 3.5mm). The speculum used to retract the eyelids during the CK session acts as the return (dispersive) electrode. In this work, it has been assumed that the contact area between the sclera and speculum is approximately 2mm in width by 4mm long. The voltage difference applied between speculum and CK electrode is 1V. Then, because of the linearity assumed in this model, all results of current density, heat loss and voltage must be scaled up accordingly. The geometrical data has been obtained from references [17, 18] . The conductivities of the different tissues were adopted from existing literature [11, [14] [15] [16] . The lens plays a key role in the model since its conductivity is considerable lower than the surrounding tissues. Motivated by Arrhenius type rate reactions, Pearce et al [12] assumed an exponential dependence of the form: σ(T, w) = σ 0 w exp [0.015(T − T 0 )], while in this work σ has been considered constant, for the sake of simplicity, and the distribution produced will reflect the real field at initial time only, i.e. during the first few milliseconds after the voltage is established. The geometrical information of the eye is entered as a wireframe composed of arcs and curves, patched with NURBSurfaces. The voids in between define a subdomain. The model is composed of 7 sub-domains: cornea, lens, retina, anterior chamber (AC) vitreous humour, sclera and iris. Then, the boundaries are discretised with flat triangles by means of a Finite Elements Method -type mesh generator [19, 20] . A 3D view of the meshed model can be observed in Fig. 2 . To reduce as much as possible the number of degrees of freedom, the model considers a quarter of the eye, including 2396 nodes and 5262 elements yielding a linear system of 7718 equations and 4502 unknowns. The system took 11 min to solve in a Pentium 4 PC -3GHz CPU -512 MBytes RAM, with the Lapack direct solver from [21] . The flat boundaries and the outer skin of the sclera and cornea have adiabatictype boundary conditions, this is to consider the 90
• rotation symmetry around central axis (ĀB in Fig. 2) . A non-symmetric model should provide the opportunity to introduce asymmetric features in the model, such as the central retinal artery, optical nerve, and hyaloid canal [17] .
This model is a convenient simplification of the eye. Relevant regions such as the cilliary part of the retina, the tear layer and the choroid layer between sclera and retina have been neglected. The choroid has high density of blood vessels and it is expected to behave as a highly conductive thin layer. The cilliary part is considered as included in the iris in this present model in view of the similar conductivity, and the tear layer should play a key role when considering convection in the thermal part of the CK problem. Figure 3 shows the potential distribution obtained with the BEM approach. The top left figure shows the surface distribution in the cornea and sclera, as well as the tissue surrounding the leg of the speculum in contact with the eye from the front view. The top right figure shows equi-potential lines in a slice passing through the centre of the eye from a lateral view. The bottom right figure shows the equipotential lines in a sagital slice through the centre of the eye from the bottom view. The non-uniformity of the voltage distribution obtained is a result from the different conductivities of the model. The epithelium is a one-cell layer thick in charge of pumping water from the cornea for keeping it clear and slightly dry, as a requirement for optical transparency. It is important that this layer is not exposed to 
Results
. . , n) is the area of the i-th element in the electrode, n = 250 is the number of elements in the electrode, ∆V = 1 is the applied voltage between speculum leg and CK electrode, and the factor 2 in the denominator is because that the model involved half space. The total initial impedance obtained in this work is Z 0 = 1740 Ω, which compares relatively well with the findings from Berjano et al [13] 1561 Ω and the experimental values measured by Choi et al [22] in porcine eyes 1600 Ω, 1775 Ω, 2158 Ω.
The modulus of the current density in the cornea decays approx. exponentially with the distance ρ to the CK electrode according to: The specific power absorbed in the tissue, considered as heat loss per unit time and volume, is given by p = j · E. Then, the total energy rate absorbed in the tissue within sub-domain Ω s is the integral P = Ωs p dΩ s . One of the beauties of BEM, is that volumetric quantities such as P can be accurately evaluated with the information on the boundary Γ s = ∂(Ω s ), according to Green's first identity:
The volume V of each sub-domain can be computed as: V = 1/3 Γs x ·n dΓ s . Then, the specific mean EM power absorbed in each tissue p can be estimated according to:
The results obtained numerically for the absorbed energy in the different tissues at initial time are summarised in Table 1 . It is worth mentioning that as time evolves, the physical properties including conductivity, water content, and thermal diffusion coefficient of the different tissues vary. Hence, the power distribution shown in Table. 1 is only valid at initial time. Nevertheless, this is enough to have a quantitative estimation of the energy absorbed in each tissue. Figure 4 shows the distribution of absorbed power (heat loss) in the front of the eye due to the CK electrode with unitary voltage, i.e. ∆V = 1V . A logarithmic scale has been adopted for p , in view of the wide range of values observed. Figure 5 shows the heat loss profile along x direction at three different observation lines. The first one located at y = 0mm (longitudinal axis of the eye), the second at y = 3.3mm, corresponding to the same level as the CK electrode (see Fig. 4 ), and the third named "Retina" is a 10. maximum exposure in the retina, found in the closest region to the CK electrode, is p = 0.065 W/kg, then it decreases nearly exponentially with x. The macula is exposed to absorption rates of the order O(10 −6 ) W/kg per unitary applied volt. A value that should be easily dissipated by blood perfusion.
Conclusions
The BEM has been successfully applied in order to calculate heat loss, induced currents, voltage and electric fields in a three dimensional model of the human eye exposed to CK treatment. The method is able to compute the distribution of current density and absorbed power within the eye including far and near fields. These results help to estimate the relative exposure level of other tissues, like the lens, humour vitreous, sclera, iris anterior chamber and retina in addition to the cornea. The maximum EM power is absorbed in the cornea and in the anterior chamber. The order of magnitude of the maximum heat loss in the retina is O(10 −2 ) W/kg per unitary voltage applied between the CK electrode and the speculum leg. This maximum was found in the peripheral region of the retina near the CK electrode. The heat loss in the macula is of the order O(10 −6 W/kg per applied volt. This amount should be effortlessly dissipated by biological thermal regulatory mechanisms, i.e. blood perfusion.
Local computational models truncated at a distance of ∼ 10 mm from the CK electrode should be acceptable for predicting near field heat loss and current densities in the cornea.
